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Topologizable and power bounded weighted composition
operators on spaces of distributions

Thomas Kalmes (Chemnitz)

Abstract. We study topologizability and power boundedness of weighted compo-
sition operators on (certain subspaces of) D ′(X) for an open subset X of Rd. For the
former property we derive a characterization in terms of the symbol and the weight of
the weighted composition operator, while for the latter property necessary and sufficient
conditions on the weight and the symbol are presented. Moreover, for an unweighted
composition operator a characterization of power boundedness in terms of the symbol is
derived for the special case of a bijective symbol.

1. Introduction. Recently, topologizability and power boundedness (see
Definition 2.3 below) of (weighted) composition operators on various spaces
of functions have been studied by several authors: see e.g. [1], [3], [4], [14],
[15], [16]. In [9], a general approach within the framework of function spaces
defined by local properties which are subspaces of continuous functions on a
locally compact, σ-compact, non-compact Hausdorff space has been provided.
By this general framework, many function spaces which appear in mathe-
matical analysis are covered, and topologizability and power boundedness of
weighted composition operators on such spaces are characterized in terms
of the symbol and the weight of the operator. However, this general setting
does not contain the space of distributions over an open subset of Rd.

The objective of the present note is to characterize topologizability of
weighted composition operators on spaces of distributions defined by local
properties. Moreover, we investigate power boundedness in this setting as
well, and characterize this property for unweighted composition operators
on D ′(X), X ⊆ Rd open, in terms of the symbol for the special case of a
bijective symbol.
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While the interest for power boundedness of an operator stems from
its close relationship to (uniform) mean ergodicity, topologizable operators
were introduced by Żelazko [18] (see also [2]). For a Hausdorff locally convex
space E, in order that the algebra L(E) of all continuous endomorphisms
of E (with composition as multiplication) is topologizable, i.e. L(E) admits
a locally convex topology for which multiplication is jointly continuous, E is
necessarily subnormed. The latter means that there is a norm on E such
that the corresponding topology is finer than the locally convex topology
initially given on E (see [17] and references therein). In the case of a sequen-
tially complete E it has been shown in [17] that this necessary condition
on E is also sufficient for the topologizability of L(E). Motivated by this,
in [18] it was investigated when for a given continuous linear operator T on
a Hausdorff locally convex space E there is a unital subalgebra A of L(E)
which contains T and which admits a locally convex topology making A into
a topological algebra such that additionally the map

A× E → E, (S, x) 7→ Sx,

is continuous. By [18, Theorem 5] for a given T ∈ L(E) there is such a
subalgebra A of L(E) precisely when T is topologizable.

Throughout, we use standard notation and terminology from functional
analysis. For anything related to functional analysis which is not explained
in the text we refer the reader to [12]. Moreover, we use common notation
from the theory of distributions and linear partial differential operators. For
this we refer the reader to [5] and [6].

By an open, relatively compact exhaustion (Xn)n∈N of a topological spaceX
we understand a sequence of open subsets of X such that Xn ⊆ Xn+1 with
compact closure Xn for all n ∈ N such that

⋃
n∈NXn = X.

2. Weighted composition operators on spaces of distributions
defined by local properties. As in [9], we are interested in topologiz-
ability of weighted composition operators; the precise definition of topolo-
gizability will be recalled below. However, in contrast to [9] where weighted
composition operators were considered on spaces of functions, in the present
paper we consider these operators on spaces of distributions defined by lo-
cal properties. As a general framework we choose the notion of sheaves. In
what follows we always assume that the space D(X) of compactly supported
smooth functions on an open set X ⊆ Rd is equipped with its standard lo-
cally convex topology (see e.g. [13, Chapter 6] or [7, Chapter 2.12]).

Definition 2.1. From now on we assume that G is a sheaf of distri-
butions on Rd defined by local properties, i.e. we assume that the following
properties hold.
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• For every open subsetX ⊆Rd, G (X) is a subspace of D ′(X) equipped with
the subspace topology. Here, as usual D ′(X) is equipped with the strong
(dual) topology on D ′(X) with respect to the dual pair (D(X),D ′(X)).
Moreover, whenever Y ⊆ Rd is another open set with Y ⊆ X we assume
that the restriction mapping

rYX : G (X)→ G (Y ), u 7→ u|Y ,

is well defined. Here we use the common abbreviation u|Y := u|D(Y ) for
u ∈ D ′(X).
• (Localization) For an open set X ⊆ Rd, for every open cover (Xι)ι∈I of X,

and for any u, v ∈ G (X) with u|Xι = v|Xι (ι ∈ I) we have u = v. (Note
that this property always holds since D ′ is a sheaf!)
• (Gluing) For an open set X ⊆ Rd, for every open cover (Xι)ι∈I of X, and

for all (uι)ι ∈
∏
ι∈I G (Xι) with uι|Xι∩Xκ = uκ|Xι∩Xκ (ι, κ ∈ I) there is

u ∈ G (X) with u|Xι = uι (ι ∈ I).

It follows from the above properties that for every open subset X ⊆ Rd and
each open, relatively compact exhaustion (Xn)n∈N0 of X the space G (X)
and the projective limit proj←n(G (Xn), r

Xn
Xn+1

) are algebraically isomorphic
via the mapping

G (X)→ proj←n(G (Xn), r
Xn
Xn+1

), u 7→ (rXnX (u))n∈N0 = (u|Xn)n∈N0 .

For a bounded subset B ⊆ D(X) it follows (see e.g. [13, Theorem 6.5] or [7,
Example 2.12.6]) that there is n ∈ N for which B is contained and bounded
in D(Xn). From this we conclude that the above algebraic isomorphism
between G (X) and proj←n(G (Xn), r

Xn
Xn+1

) is a topological isomorphism.
For obvious reasons, G (X),X ⊆ Rd open, is called a space of distributions

defined by local properties.

Example 2.2. Obviously, we can choose G = D ′. Moreover, for any
polynomial P ∈ C[X1, . . . , Xd] we may consider G = D ′P , i.e. for every open
X ⊆ Rd,

D ′P (X) = {u ∈ D ′(X); P (∂)u = 0}.
Whenever P is not hypoelliptic, D ′P (X) and C∞P (X) do not coincide, where
C∞P (X) = {f ∈ C∞(X); P (∂)f = 0}. Weighted composition operators on
C∞P (X) have been studied in [9, Section 4] and [11, Section 6].

Definition 2.3. For a locally convex space E we denote by cs(E) the
set of continuous seminorms on E. Let T be a continuous linear operator
on E.

(i) T is said to be topologizable if for every p ∈ cs(E) there is q ∈ cs(E)
such that for all m ∈ N there is γm > 0 with

p(Tm(x)) ≤ γmq(x) for all x ∈ E.
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(ii) T is said to be power bounded if for every p ∈ cs(E) there is q ∈ cs(E)
such that for all m ∈ N,

p(Tm(x)) ≤ q(x) for all x ∈ E,
i.e. the set {Tm; m ∈ N0} of iterates of T is equicontinuous.
Clearly, every power bounded operator is topologizable. Moreover, T is

topologizable whenever there is a sequence (αm)m∈N of strictly positive num-
bers such that the set {αmTm; m ∈ N} is equicontinuous and then the
sequences (γm)m∈N in the definition of topologizability can be chosen inde-
pendently of the seminorms p and q involved.

Definition 2.4. Let X ⊆ Rd be open, w ∈ C∞(X), and let ψ : X → X
be smooth such that det Jψ(x) 6= 0 for every x ∈ X, where Jψ(x) denotes
the Jacobian. The weighted composition operator Cw,ψ on D ′(X) is defined
as the unique continuous operator on D ′(X) which extends Cw,ψ on C(X)
defined as Cw,ψ(f) = w · (f ◦ψ) (see e.g. [5, Theorem 6.1.2]). The function ψ
is called the symbol and w the weight of Cw,ψ. For the special case w = 1
we write Cψ instead of C1,ψ and call it simply a composition operator.

If Cw,ψ(G (X)) ⊆ G (X) it follows that Cw,ψ is a continuous operator
on G (X). We are interested in characterizing when Cw,ψ is topologizable
etc. on G (X). For injective ψ one verifies

〈Cmw,ψ(u), ϕ〉 =
〈
u,

(
ϕ

∏m−1
j=0 w(ψj(·))
|det Jψm(·)|

)
◦ (ψm)−1

〉
=

〈
u,

(
ϕ

m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

〉
for all u ∈ D ′(X), ϕ ∈ D(X), m ∈ N.

Definition 2.5. Let X be a topological space and ψ : X → X be a
continuous mapping. Then ψ is said to have stable orbits if for every compact
subset K ⊆ X there is another compact subset L ⊆ X with ψm(K) ⊆ L for
every m ∈ N.

Our first result gives a sufficient condition on the symbol ψ for the
weighted composition operator Cw,ψ to be topologizable. Clearly, for every
topologizable operator T on a locally convex space E and every T -invariant
subspace F of E the restriction of T to F is again topologizable. Hence,
in the situation of the proposition below, given a sheaf G of distributions
on Rd such that Cw,ψ(G (X)) ⊆ G (X) the restriction of Cw,ψ to G (X) is
topologizable if ψ has stable orbits.

Proposition 2.6. Let X ⊆ Rd be open, w ∈ C∞(X) and ψ : X → X be
smooth, injective and such that det Jψ(x) 6= 0 for all x ∈ X. Assume that ψ
has stable orbits. Then Cw,ψ is topologizable on D ′(X).
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Proof. Let K ⊆ X be compact and choose L ⊆ X compact such that
ψm(K) ⊆ L for all m ∈ N. For each m ∈ N,

Mm : D(K)→ D(K), ϕ 7→ ϕ

m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

,

is continuous, as also is

Ψm : D(K)→ D(ψm(K)), ϕ 7→ ϕ ◦ (ψm)−1.
Therefore, for every absolutely convex and bounded subset B ⊆ D(K) we
find, together with the correctly defined continuous inclusions

∀m ∈ N : D(ψm(K)) ↪→ D(L),

that for each m ∈ N,
Bm := (Ψm ◦Mm) (B) ⊆ D(L) is absolutely convex and bounded.

Since D(L) is metrizable, it follows from Mackey’s countability condition (see
e.g. [7, Proposition 2.6.3] or [12, Lemma 26.6(a)]) that there are B̃ ⊆ D(L)
bounded, absolutely convex and closed and (αm)m∈N in (0,∞) such that

∀m ∈ N : Bm ⊆ αmB̃.
Thus, for ϕ ∈ B and u ∈ D ′(X),

|〈Cmw,ψ(u), ϕ〉| = |〈u, (Ψm ◦Mm)ϕ〉| = αm

∣∣∣∣〈u, 1

αm
(Ψm ◦Mm)ϕ

〉∣∣∣∣
≤ αm sup{|〈u, φ〉|; φ ∈ B̃},

which implies, for all m ∈ N and u ∈ D ′(X),

sup{|〈Cmw,ψ(u), ϕ〉|; ϕ ∈ B} ≤ αm sup{|〈u, φ〉|; φ ∈ B̃}.
Because every absolutely convex and bounded subset B ⊆ D(X) is contained
and bounded in D(K) for a suitable compact set K ⊆ X (see e.g. [13,
Theorem 6.5] or [7, Example 2.12.6]), the proof is finished.

The next result shows that under suitable additional hypotheses on G (X)
as well as on w and ψ, topologizability of Cw,ψ implies that ψ has stable
orbits.

Lemma 2.7. Let G be a sheaf of distributions defined by local properties,
X ⊆ Rd be open, w ∈ C∞(X), ψ : X → X be smooth, injective and such
that det Jψ(x) 6= 0 for all x ∈ X. Assume that Cw,ψ(G (X)) ⊆ G (X) and
that additionally the following conditions hold:

(a) There is an open, relatively compact exhaustion (Xn)n∈N of X such that
for each n ∈ N, every x ∈ X \Xn, and every ε > 0 for which B(x, ε) ⊆
X \Xn, the restriction

r
Xn∪B(x,ε)
X : G (X)→ G (Xn ∪B(x, ε))
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has dense range, where B(x, ε) denotes the open Euclidean ball around
x with radius ε.

(b) There is ε0 > 0 such that for all ε ∈ (0, ε0) there is χε ∈ D(B(0, ε)) such
that for all x ∈ X with B(x, ε) ⊆ X there is h ∈ G (B(x, ε)) satisfying

〈h, τxχε〉 6= 0, where τxχε(y) := χε(y − x).
(c) For every l ∈ N0 the set {x ∈ X; w(ψl(x)) 6= 0} is dense in X.

If Cw,ψ is topologizable on G (X), then ψ has stable orbits.

Remark 2.8. Before we present the technical proof of the above lemma,
we take a closer look at its additional assumptions (a)–(c).

Under the hypothesis on ψ in the above lemma, for every x ∈ X there is
an open neighborhood Ux ⊆ X such that ψ|Ux is (injective and) open. Hence,
if for w ∈ C∞(X) the set {x ∈ X; w(x) 6= 0} is dense in X, it follows from
[9, Proposition 3.9] that hypothesis (c) is fulfilled.

Hypothesis (b) is satisfied whenever G is invariant under translations,
i.e. whenever for u ∈ G (X) we have τxu ∈ G (−x+X), where

∀ϕ ∈ D(−x+X) : 〈τxu, ϕ〉 = 〈u, τ−xϕ〉,
and G satisfies

∃ε0 > 0 ∀ε ∈ (0, ε0) ∃χ ∈ D(B(0, ε)), h ∈ G (B(0, ε)) : 〈h, χ〉 6= 0.

Apart from G = D ′ this is in particular the case for G = D ′P whenever P ∈
C[X1, . . . , Xd], d ≥ 2, is non-constant. Indeed, while translation invariance
is obvious, since P is non-constant the set

V (P ) = {ζ ∈ Cd; P (ζ) = 0}

is neither empty nor discrete. With eζ(x) = exp(
∑d

j=1 xjζj), ζ ∈ Cd, we
have eζ ∈ D ′P (X), ζ ∈ V (P ), and for every χ ∈ D(Rd) the Fourier–Laplace
transform

Cd → C, ζ 7→ χ̂(ζ) = 〈eζ , χ〉,
is analytic so that χ̂|V (P ) = 0 implies χ̂ = 0 and thus χ = 0.

Finally, hypothesis (a) is satisfied for G = D ′. Indeed, using the fact
that every bounded subset of D(X) is contained and bounded in D(K) for a
suitable compact K ⊆ X and using multiplication by compactly supported
ϕ ∈ D(X) with ϕ = 1 in a neighborhood of K one easily verifies that E ′(Rd)
is dense in D ′(X). Therefore, G = D ′ fulfils (a) for each X and an arbitrary
open, relatively compact exhaustion (Xn)n∈N.

Moreover, for X ⊆ Rd, d ≥ 3, let

∀n ∈ N : Xn := {x ∈ X; |x| < n,dist(x,Rd \X) > 1/n},
so that (Xn)n∈N is a relatively compact exhaustion of X. Given a polynomial
P ∈ C[X1, . . . , Xd] with principal part Pm such that {ξ ∈ Rd; Pm(ξ) = 0}
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is contained in a one-dimensional subspace of Rd and such that P (∂) is sur-
jective on C∞(X), it follows from [9, Theorem 4.4(ii)] combined with [8,
Theorem 3.1] that hypothesis (a) of the above lemma is fulfilled for G = D ′P .
Of course, for (hypo)elliptic P we have C∞P = D ′P (topologically!) and this
sheaf is covered by [9, Section 4]. However, for the (non-hypoelliptic) time-
dependent free Schrödinger operator P (∂) = i ∂∂t+∆x it follows that hypoth-
esis (a) (and (b)) of Lemma 2.7 are satisfied for the corresponding sheaf D ′P
provided that P (∂) is surjective on C∞(X). A geometric/topological char-
acterization of those X fulfilling the latter property was recently given in
[10, Corollary 5].

Proof of Lemma 2.7. Let (Xn)n∈N be the open, relatively compact ex-
haustion of X from hypothesis (a). Clearly, the claim will follow once we
have shown that for every n ∈ N there is k ∈ N with ψm(Xn) ⊆ Xk for
all m ∈ N. In order to do so, some technical preparations have to be made
which will be finished once we have proved (3) below.

For n ∈ N and m ∈ N0 we define

δm,n := dist
(
ψm(Xn),Rd \ ψm(Xn+1)

)
, δn := δ0,n,

so that δm,n > 0. It follows from hypothesis (c) that the set
m−1⋂
l=0

{x ∈ X; w(ψl(x)) 6= 0}

is dense in X for every m ∈ N. For n,m, l ∈ N with l > 2/δn it follows that
B (x, 2/l) ⊆ Xn+1 whenever x ∈ Xn and we define

Yl,m,n :=
{
x ∈ Xn; ∀y ∈ B(x, 2/l) :

m−1∏
j=0

w(ψj(y)) 6= 0
}
,

Xl,m,n :=
⋃

x∈Yl,m,n

B(x, 2/l)

so that Xl,m,n ⊆ Xn+1. We then have

(1)
⋃

x∈Yl,m,n

B(x, 1/l) ⊆ Xl,m,n.

Indeed, if y ∈
⋃
x∈Yl,m,n B(x, 1/l) there are sequences (xk)k∈N in Yl,m,n and

(zk)k∈N in B(0, 1/l) such that (xk+zk)k∈N converges to y. Since Yl,m,n⊆Xn,
we can assume without loss of generality that (xk)k∈N converges in Xn and
(zk)k∈N converges inB (0, 1/l); we denote the limits by x0 and z0, respectively.
For v ∈ B (x0, 2/l) and k sufficiently large we have

|xk − x0| < 2/l − |x0 − v|
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so that
|xk − v| ≤ |xk − x0|+ |x0 − v| < 2/l,

i.e. v ∈ B(xk, 2/l) hence
∏m−1
j=0 w(ψj(v)) 6= 0 because xk ∈ Yl,m,n. As v ∈

B(x0, 2/l) was chosen arbitrarily, it follows that x0 ∈ Yl,m,n so that

y = x0 + z0 ∈
⋃

x∈Yl,m,n

B(x, 2/l) = Xl,m,n,

showing (1).
Since the bijection

(ψm|ψm(Xn+1)
)−1 : ψm(Xn+1)→ Xn+1

is uniformly continuous, for l > 2/δn there is βl,m > 0 such that

(2) ∀ψm(x), ψm(y) ∈ ψm(Xn+1), |ψm(x)− ψm(y)| < βl,m : |x− y| < 1/l.

For every l,m, n ∈ N with l > 2/δn we choose (with ε0 from hypothesis (b))

εl,m,n ∈ (0,min{ε0, 1/l, δm,n/2, βl,m})
and let χl,m,n := χεl,m,n ∈ D(B(0, εl,m,n)) according to hypothesis (b).

For every x0 ∈ Yl,m,n we have

(3) Rd → C, y 7→ χl,m,n(ψ
m(y)− ψm(x0)) ∈ D

( ⋃
x∈Yl,m,n

B(x, 1/l)
)
.

Indeed, if y ∈ Rd is such that χl,m,n(ψm(y)− ψm(x0)) 6= 0, it follows that

ψm(y) ∈ B(ψm(x0), εl,m,n) ⊆ ψm(Xn) +B(0, εl,m,n) ⊆ ψm(Xn+1),

where we have used εl,m,n < δm,n/2 and the definition of δm,n in the last
inclusion. Because ψm in injective, we conclude y ∈ Xn+1. Because moreover

|ψm(y)− ψm(x0)| < εl,m,n ≤ βl,m,
we also have |y − x0| < 1/l by (2). Hence

y ∈ B(x0, 1/l) ⊆
⋃

x∈Yl,m,n

B(x, 1/l)

so that the support of y 7→ χl,m,n(ψ
m(y)−ψm(x0)) is contained in the closure

of
⋃
x∈Yl,m,n B(x, 1/l), which proves (3).
We now fix n ∈ N. Recall that our objective is to prove the existence

of k ∈ N satisfying ψm(Xn) ⊆ Xk for all m ∈ N. Since for m, l ∈ N
with l > 2/δn we have Xl,m,n ⊆ Xn+1, it follows from (1) and the rela-
tive compactness of Xn+1 that the closure of

⋃
x∈Yl,m,n B(x, 1/l) is a com-

pact subset of Xl,m,n. Moreover, from the definition of Yl,m,n it follows that
ψm(Yl,m,n) ⊆ ψm(Xn) so that compactness of ψm(Xn) implies that

{χl,m,n(ψm(·)− ψm(x0)); x0 ∈ Yl,m,n}
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is a bounded subset of D(Xl,m,n). From the definition of Xl,m,n it follows
that

D(Xl,m,n)→ D(Xl,m,n), ϕ 7→ |det Jψm(·)|∏m−1
j=0 w(ψj(·))

ϕ,

is well defined and continuous, so that{
|det Jψm(·)|∏m−1
j=0 w(ψj(·))

χl,m,n(ψ
m(·)− ψm(x0)); x0 ∈ Yl,m,n

}
is a bounded subset of D(Xl,m,n). From the continuity of the inclusion
D(Xl,m,n) ↪→ D(Xn+1) (Xl,m,n ⊆ Xn+1), we derive that for all l,m ∈ N
with l > 2/δn,

Bl,m,n :=

{
|det Jψm(·)|∏m−1
j=0 w(ψj(·))

χl,m,n(ψ
m(·)− ψm(x0)); x0 ∈ Yl,m,n

}
is a bounded subset of D(Xn+1).

Because D(Xn+1) is metrizable, it follows from Mackey’s countability
condition (see e.g. [7, Proposition 2.6.3] or [12, Lemma 26.6(a)]) that there
are a closed, absolutely convex, and bounded B ⊆ D(Xn+1) and strictly
positive numbers αl,m,n (l,m ∈ N, l > 2/δn) such that

(4) Bl,m,n ⊆ αl,m,nB.

LetB◦ denote the polar ofB with respect to the dual pair (D(X),D ′(X)).
Now, as G (X) and proj←j(G (Xj), r

Xj
Xj+1

) are topologically isomorphic, from
the topologizability ofCw,ψ it follows that for the zero neighborhoodB◦∩G (X)
in G (X) there is k ∈ N and a zero neighborhood Uk in G (Xk) such that for
all m ∈ N there are γm with

(5) Cmw,ψ((r
Xk
X )−1(Uk)) ⊆ γm(B◦ ∩ G (X)) ⊆ γmB◦.

We shall show that ψm(Xn) ⊆ Xk for all m ∈ N. Taking polars with respect
to the dual pair (D(X),D ′(X)), (5) together with the Bipolar Theorem (cf.
[12, Theorem 22.13]) implies

∀m ∈ N : (Ctw,ψ)
m(B) ⊆ γm((rXkX )−1(Uk))

◦,

where Ctw,ψ denotes the transpose of Cw,ψ on D(X). By (4) we deduce

(6) ∀l,m ∈ N, l > 2/δn : (Ctw,ψ)
m(Bl,m,n) ⊆ αl,m,nγm((rXkX )−1(Uk))

◦.

In order to show ψm(Xn) ⊆ Xk, m ∈ N, we assume by the way of contra-
diction that there exist m0 ∈ N and

x0 ∈
{
x ∈ Xn;

m0−1∏
j=0

w(ψj(x)) 6= 0
}
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such that ψm0(x0) /∈ Xk. Then there is l ∈ N, l > 2/δn, with x0 ∈ Yl,m0,n,
and because Yl+1,m0,n ⊆ Yl,m0,n we can find l0 so large that x0 ∈ Yl0,m0,n

and B(ψm0(x0), 1/l0) ⊆ X \Xk and such that according to hypothesis (a),
rXk∪UX has dense range for U := B(ψm0(x0), 1/l0).

Choose h ∈ G (B(ψm0(x0), 1/l0)) for

ϕ := χl0,m0,n(· − ψm0(x0)) = χεl0,m0,n
(· − ψm0(x0))

according to hypothesis (b) where without loss of generality we assume that

δϕ(h) := 〈h, ϕ〉 = 1.

By the properties of sheaves, there is v∈G (Xk ∪ U) such that rXkXk∪U (v)=0

and rUXk∪U (v)=3αl0,m0,nγm0h. Since ϕ∈D(U), we have δϕ(v)=3αl0,m0,nγm0 .
Because rXk∪UX has dense range by hypothesis (a), there is u ∈ G (X)

such that

rXk∪UX (u)− v ∈ (rXkXk∪U )
−1(Uk) ∩ δ−1ϕ (B(0, αl0,m0,nγm0)),

where Uk is the zero neighborhood in G (Xk) from (5), so that

(7) δϕ(r
Xk∪U
X (u)) ∈ B(3αl0,m0,nγm0 , αl0,m0,nγm0)

as well as

rXkX (u) = rXkXk∪U (r
Xk∪U
X (u)−v)+rXkXk∪U (v) = rXkXk∪U (r

Xk∪U
X (u)−v)+0 ∈ Uk,

that is,
u ∈ (rXkX )−1(Uk).

Because by definition of Bl0,m0,n and x0 ∈ Yl0,m0,n we have

|det Jψm0(·)|∏m0−1
j=0 w(ψj(·))

χl0,m0,n(ψ
m0(·)− ψm0(x0)) ∈ Bl0,m0,n,

it follows from (6) and (7) that

αl0,m0,nγm0

≥
∣∣∣∣〈(Ctw,ψ)m0

(
|det Jψm0(·)|∏m0−1
j=0 w(ψj(·))

χl0,m0,n(ψ
m0(·)− ψm0(x0))

)
, u

〉∣∣∣∣
=

∣∣∣∣〈[
∏m0−1
j=0 w(ψj(·))
|det Jψm0(·)|

|det Jψm0(·)|∏m0−1
j=0 w(ψj(·))

χl0,m0,n(ψ
m0(·)− ψm0(x0))

]
◦ (ψm0)−1, u

〉∣∣∣∣
= |〈χl0,m0,n(· − ψm0(x0)), u〉| = |δϕ(rXk∪UX (u))| > 2αl0,m0,nγm0 ,

which is a contradiction.
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Therefore,

∀m ∈ N : ψm
({
x ∈ Xn;

m−1∏
l=0

w(ψl(x)) 6= 0
})
⊆ Xk.

Because ψm is continuous and the set{
x ∈ Xn;

m−1∏
l=0

w(ψl(x)) 6= 0
}
=

m−1⋂
l=0

{x ∈ Xn; w(ψ
l(x)) 6= 0}

is dense in Xn, we conclude that

∀m ∈ N : ψm(Xn) ⊆ Xk.

Because n was arbitrarily chosen and (Xn)n∈N is an open, relatively compact
exhaustion of X, it finally follows that ψ has stable orbits.

Combining Proposition 2.6 and Lemma 2.7 we obtain a characterization
of topologizability for weighted composition operators.

Theorem 2.9. Let X ⊆ Rd be open, w ∈ C∞(X), and let ψ : X → X be
smooth, injective and such that det Jψ(x) 6= 0 for all x ∈ X. Assume that G
is a sheaf of distributions defined by local properties such that Cw,ψ(G (X)) ⊆
G (X) and that additionally the following conditions hold:

(a) There is an open, relatively compact exhaustion (Xn)n∈N of X such that
for each n ∈ N, every x ∈ X \Xn and every ε > 0 for which B(x, ε) ⊆
X \Xn the restriction rXn∪B(x,ε)

X has dense range.
(b) There is ε0 > 0 such that for all ε ∈ (0, ε0) there is χε ∈ D(B(0, ε)) such

that for all x ∈ X with B(x, ε) ⊆ X there is h ∈ G (B(x, ε)) satisfying
〈h, τxχε〉 6= 0, where τxχε(y) := χε(y − x).

(c) For every l ∈ N0 the set {x ∈ X; w(ψl(x)) 6= 0} is dense in X.

Then for the weighted composition operator Cw,ψ on G (X) the following are
equivalent:

(i) Cw,ψ is topologizable.
(ii) ψ has stable orbits.

By Remark 2.8, conditions (a) and (b) are satisfied for G = D ′ and
G = D ′P for certain P while (c) is fulfilled whenever {x ∈ X; w(x) 6= 0} is
dense in X. In particular, we have the following.

Corollary 2.10. Let X ⊆ Rd be open, w ∈ C∞(X), and let ψ : X → X
be smooth, injective and such that det Jψ(x) 6= 0 for all x ∈ X. Moreover,
assume that {x ∈ X; w(x) 6= 0} is dense in X. Then the following are
equivalent:

(i) Cw,ψ is topologizable on D ′(X).
(ii) ψ has stable orbits.
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Now, we turn to power boundedness. For a smooth and injective ψ :
X → X with det Jψ(x) 6= 0 for all x ∈ X it follows that ψm(X) is an open
subset of Rd and ψm : X → ψm(X) is a diffeomorphism for every m ∈ N. In
particular, (ψm)−1 : ψm(X)→ Rd is a smooth function. Its components are
denoted by (ψm)−1c , 1 ≤ c ≤ d. For Y ⊆ Rd open, K ⊆ Y compact, n ∈ N0,
and f ∈ C∞(Y ) we define ‖f‖n,K := sup|α|≤n,x∈K |∂αf(x)|. Thus, ‖ · ‖n,K
is a seminorm on C∞(Y ) and the standard topology on C∞(Y ) is the one
generated by the set of seminorms {‖ · ‖n,K ; n ∈ N0, K ⊆ Y compact}.

Theorem 2.11. Let X ⊆ Rd be open, let w ∈ C∞(X) be such that the
set {x ∈ X; w(x) 6= 0} is dense in X, and let ψ : X → X be smooth and
injective with det Jψ(x) 6= 0 for all x ∈ X. Then (i)⇒ (ii)⇒ (iii) where:

(i) ψ has stable orbits and for every compact set K ⊆ X we have

(8) sup
m∈N

∥∥∥∥(m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

∥∥∥∥
n,ψm(K)

<∞,

and

(9) ∀1 ≤ c ≤ d : sup
m∈N
‖(ψm)−1c ‖n,ψm(K) <∞.

(ii) Cw,ψ is power bounded on D ′(X).
(iii) ψ has stable orbits and for every compact set K ⊆ X, (8) holds.

Proof. Assume that (i) is valid. For a compact subset K ⊆ X let L(K)
be a compact subset of X satisfying ψm(K) ⊆ L(K) for all m ∈ N. Let
B ⊆ D(X) be bounded and let K ⊆ X be compact such that B ⊆ D(K) is
bounded.

For fixed u ∈ D ′(X) there are r ∈ N0 and M1 > 0 such that

∀φ ∈ D(L(K)) : |〈u, φ〉| ≤M1‖φ‖r,L(K).

Moreover, as B ⊆ D(K) is bounded, there is M2 > 0 with

∀ϕ ∈ B : ‖ϕ‖r,K ≤M2.

Because (i) holds, there is M3 > 0 satisfying

sup
m∈N

∥∥∥∥(m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

∥∥∥∥
n,ψm(K)

< M3.

Since for smooth functions f and g,

‖fg‖r,ψm(K) ≤ 2r‖f‖r,ψm(K)‖g‖r,ψm(K),

it follows for ϕ ∈ B ⊆ D(B) with [9, Proposition 3.10(ii)] applied to (ψm)−1
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in place of ψ and m = 1 that

|〈Cmw,ψ(u), ϕ〉| =
∣∣∣∣〈u,(ϕm−1∏

j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

〉∣∣∣∣
≤M1

∥∥∥∥(ϕm−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

∥∥∥∥
r,L(K)

=M1

∥∥∥∥(ϕm−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

∥∥∥∥
r,ψm(K)

=M1

∥∥∥∥(m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

◦ (ψm)−1
)
ϕ ◦ (ψm)−1

∥∥∥∥
r,ψm(K)

≤ 2rM1

∥∥∥∥m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

◦ (ψm)−1
∥∥∥∥
r,ψm(K)

× ‖ϕ ◦ (ψm)−1‖r,ψm(K)

≤ 2rM1M3M4‖ϕ‖r,K
(
1 + max

1≤c≤d
‖(ψm)−1c ‖r,ψm(K)

)r
≤ 2rM1M3M4M2

(
1 + max

1≤c≤d
‖(ψm)−1c ‖n,ψm(K)

)r
for a suitable constant M4 which is independent of ϕ. Because of (i) we thus
obtain

(10) ∀u ∈ D ′(X) : sup
m∈N

sup{|〈Cmw,ψ(u), ϕ〉|; ϕ ∈ B} <∞.

As the strong dual of the complete Schwartz space D(X), D ′(X) is ultra-
bornological (see e.g. [12, Proposition 24.23]), hence barrelled so that (10)
implies (ii).

Now assume that (ii) holds. Then Cw,ψ is topologizable, and from Re-
mark 2.8 and Theorem 2.9 it follows that ψ has stable orbits. As before,
for K ⊆ X compact we denote by L(K) a compact subset of X for which
ψm(K) ⊆ L(K) holds for every m ∈ N.

We choose ϕ ∈ D(X) with ϕ = 1 in a neighborhood of K. Then

∀m ∈ N :

(
ϕ
m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

∈ D(ψm(suppϕ)) ⊆ D(L(suppϕ)),
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and because for every u ∈ D ′(X),

∀m ∈ N : 〈Cmw,ψ(u), ϕ〉 =
〈
u,

(
ϕ

m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

〉
,

it follows from the power boundedness of Cw,ψ that{(
ϕ

m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1; m ∈ N

}
is weakly bounded in D(X) and therefore, by Mackey’s Theorem (see e.g.
[12, Theorem 23.15]), bounded in D(X). By the choice of ϕ we have(

ϕ

m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1|ψm(K)

=

(m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1|ψm(K)

for all m ∈ N so that (8) follows. Thus, (ii) implies (iii).

Remark 2.12. For a diffeomorphism ψ : X → X it is straightforward to
calculate that the transpose of Cmw,ψ on D ′(X) is given by the restriction of
Cmwψ ,ψ−1 to D(X), where

wψ : X → C, wψ(x) =
w

|det Jψ|
◦ ψ−1.

Since D ′(X) is the strong dual of the complete Schwartz space D(X), it fol-
lows that D ′(X) is ultrabornological (see e.g. [12, Proposition 24.23]), hence
barrelled. Thus, Cw,ψ is power bounded if and only if {Cmw,ψ(u); m ∈ N0}
is bounded in D ′(X) for every u ∈ D ′(X). Because D(X) is reflexive, by
Mackey’s Theorem [12, Theorem 23.15] it follows that the latter is equiv-
alent to the boundedness of {〈Cmw,ψ(u), ϕ〉; m ∈ N0} for all u ∈ D ′(X),
ϕ ∈ D(X). Applying Mackey’s Theorem once more, this in turn is equivalent
to {Cmwψ ,ψ−1(ϕ); m ∈ N0} being bounded in D(X). From the barrelledness
of D(X) it finally follows that this is equivalent to Cwψ ,ψ−1 being power
bounded on D(X).

As usual, for bijective ψ we write ψ−m instead of (ψ−1)m, m ∈ N:
Corollary 2.13. Let X ⊆ Rd be open and ψ : X → X be smooth and

bijective. Then the following are equivalent:

(i) The composition operator Cψ is power bounded on D ′(X).
(ii) ψ has stable orbits and for every compact subset K ⊆ X we have

∀1 ≤ c ≤ d : sup
m∈N
‖(ψ−m)c‖n,ψm(K) <∞.



Topologizable weighted composition operators 15

Proof. Assuming that Cψ is power bounded on D ′(X), it follows from
Theorem 2.11 that ψ has stable orbits. Thus, given K ⊆ X compact we
can choose L ⊆ X compact such that ψm(K) ⊆ L for every m ∈ N. Ad-
ditionally, we choose φ ∈ D(X) with φ = 1 in a neighborhood of L. For
1 ≤ c ≤ d we define ϕc(x) = xcφ(x) so that ϕc ∈ D(X). Since Cψ is power
bounded on D ′(X), it follows from Remark 2.12 together with wψ = 1 that
{Cmψ−1(ϕc); m ∈ N} is a bounded subset of D(X). In particular, taking into
account that Cmψ−1(ϕc) = ϕc ◦ ψ−m = (ψ−m)c in a neighborhood of K, we
obtain

∀n ∈ N : ∞ > sup
m∈N
‖Cmψ−1(ϕc)‖n,L ≥ sup

m∈N
‖Cmψ−1(ϕc)‖n,ψm(K)

= sup
m∈N
‖(ψ−m)c‖n,ψm(K),

so that (ii) follows.
If on the other hand (ii) holds, it follows from

det Jψ−m = det
( m∏
j=1

(Jψ)−1(ψ−j(·))
)
=

(m−1∏
j=0

1

det Jψ(ψj(·))

)
◦ (ψm)−1

and the fact that for fixed m ∈ N and for every multi-index α ∈ Nd0 the
function ∂α det Jψ−m is a polynomial in ∂β(ψ−m)c, 1 ≤ c ≤ d, 1 ≤ |β|
≤ |α|+1, with integer coefficients independent of m that for every compact
subset K ⊆ X,

sup
m∈N

∥∥∥∥(m−1∏
j=0

w(ψj(·))
|det Jψ(ψj(·))|

)
◦ (ψm)−1

∥∥∥∥
n,ψm(K)

<∞.

Thus, (ii) implies condition (i) of Theorem 2.11 and thus the power bound-
edness of Cψ on D ′(X).
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