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Topologizable and power bounded weighted composition
operators on spaces of distributions

THoMAS KALMES (Chemnitz)

Abstract. We study topologizability and power boundedness of weighted compo-
sition operators on (certain subspaces of) 2'(X) for an open subset X of R%. For the
former property we derive a characterization in terms of the symbol and the weight of
the weighted composition operator, while for the latter property necessary and sufficient
conditions on the weight and the symbol are presented. Moreover, for an unweighted
composition operator a characterization of power boundedness in terms of the symbol is
derived for the special case of a bijective symbol.

1. Introduction. Recently, topologizability and power boundedness (see
Definition below) of (weighted) composition operators on various spaces
of functions have been studied by several authors: see e.g. [1], [3], [4], [14],
[15], [16]. In [9], a general approach within the framework of function spaces
defined by local properties which are subspaces of continuous functions on a
locally compact, o-compact, non-compact Hausdorff space has been provided.
By this general framework, many function spaces which appear in mathe-
matical analysis are covered, and topologizability and power boundedness of
weighted composition operators on such spaces are characterized in terms
of the symbol and the weight of the operator. However, this general setting
does not contain the space of distributions over an open subset of R%.

The objective of the present note is to characterize topologizability of
weighted composition operators on spaces of distributions defined by local
properties. Moreover, we investigate power boundedness in this setting as
well, and characterize this property for unweighted composition operators
on 2'(X), X C RY open, in terms of the symbol for the special case of a
bijective symbol.
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While the interest for power boundedness of an operator stems from
its close relationship to (uniform) mean ergodicity, topologizable operators
were introduced by Zelazko [I8] (see also [2]). For a Hausdorff locally convex
space E, in order that the algebra L(F) of all continuous endomorphisms
of E (with composition as multiplication) is topologizable, i.e. L(E) admits
a locally convex topology for which multiplication is jointly continuous, F is
necessarily subnormed. The latter means that there is a norm on E such
that the corresponding topology is finer than the locally convex topology
initially given on E (see [I7] and references therein). In the case of a sequen-
tially complete E it has been shown in [I7] that this necessary condition
on E is also sufficient for the topologizability of L(F). Motivated by this,
in [18] it was investigated when for a given continuous linear operator 7" on
a Hausdorff locally convex space E there is a unital subalgebra A of L(F)
which contains T and which admits a locally convex topology making A into
a topological algebra such that additionally the map

AxE—E, (S z)— Sz,

is continuous. By [I8, Theorem 5| for a given 7' € L(F) there is such a
subalgebra A of L(E) precisely when T is topologizable.

Throughout, we use standard notation and terminology from functional
analysis. For anything related to functional analysis which is not explained
in the text we refer the reader to [I2]. Moreover, we use common notation
from the theory of distributions and linear partial differential operators. For
this we refer the reader to [5] and [6].

By an open, relatively compact exhaustion (X, )nen of a topological space X
we understand a sequence of open subsets of X such that X,, C X,,,1 with
compact closure X, for all n € N such that Unen Xn = X.

2. Weighted composition operators on spaces of distributions
defined by local properties. As in [9], we are interested in topologiz-
ability of weighted composition operators; the precise definition of topolo-
gizability will be recalled below. However, in contrast to [9] where weighted
composition operators were considered on spaces of functions, in the present
paper we consider these operators on spaces of distributions defined by lo-
cal properties. As a general framework we choose the notion of sheaves. In
what follows we always assume that the space Z(X) of compactly supported
smooth functions on an open set X C R? is equipped with its standard lo-
cally convex topology (see e.g. [13, Chapter 6] or [7, Chapter 2.12]).

DEFINITION 2.1. From now on we assume that ¥ is a sheaf of distri-
butions on R¢ defined by local properties, i.e. we assume that the following
properties hold.
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e For every open subset X CRY, 4(X) is a subspace of 2'(X) equipped with
the subspace topology. Here, as usual 2’(X) is equipped with the strong
(dual) topology on 2'(X) with respect to the dual pair (Z(X), 2'(X)).
Moreover, whenever Y C R? is another open set with Y C X we assume
that the restriction mapping

e (X)) - 9(Y), U upy,

is well defined. Here we use the common abbreviation uy := wg(y) for
ue 7'(X).

e (Localization) For an open set X C R¢, for every open cover (X,),es of X,
and for any u,v € ¥(X) with u|x, = v|x, (¢ € I) we have u = v. (Note
that this property always holds since 2’ is a sheaf!)

e (Gluing) For an open set X C R?, for every open cover (X,),cr of X, and
for all (u,), € [[,c;¥(X.) with u,x,nx, = Ugx,nx,. (t,k € I) there is
u € G(X) with ujx, =u, (t€1).

It follows from the above properties that for every open subset X C R% and
each open, relatively compact exhaustion (X, )nen, of X the space ¢4(X)
and the projective limit proj,_,, (4 (X,), T))&H) are algebraically isomorphic
via the mapping

G(X) = proj((Xn),ry",,),  wr (ry" (w))neny = (ujx, )neno-
For a bounded subset B C Z(X) it follows (see e.g. [13, Theorem 6.5] or [7,
Example 2.12.6]) that there is n € N for which B is contained and bounded
in 2(X,). From this we conclude that the above algebraic isomorphism
between ¢(X) and proj,_,,(4(Xy), r))gzﬂ) is a topological isomorphism.

For obvious reasons, 4 (X ), X C R open, is called a space of distributions
defined by local properties.

EXAMPLE 2.2. Obviously, we can choose ¥4 = 2’'. Moreover, for any
polynomial P € C[Xj,...,X ] we may consider ¥ = %, i.e. for every open
X C R,

Pp(X) ={ue 2'(X); P(O)u = 0}.
Whenever P is not hypoelliptic, Z(X) and C%(X) do not coincide, where
C¥(X) = {f € C®(X); P(0)f = 0}. Weighted composition operators on
CP(X) have been studied in [9), Section 4] and [I1], Section 6].

DEFINITION 2.3. For a locally convex space E we denote by cs(E) the

set of continuous seminorms on E. Let T' be a continuous linear operator
on F.

(i) T is said to be topologizable if for every p € cs(E) there is ¢ € cs(E)
such that for all m € N there is 7, > 0 with

p(T"(x)) < ymq(z) forall x € E.
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(ii) T is said to be power bounded if for every p € cs(E) there is q € ¢s(E)
such that for all m € N,

p(T™(x)) < q(x) forallze E,
i.e. the set {T™; m € Ny} of iterates of T' is equicontinuous.

Clearly, every power bounded operator is topologizable. Moreover, T' is
topologizable whenever there is a sequence (o, )men of strictly positive num-
bers such that the set {a,,T7"; m € N} is equicontinuous and then the
sequences (Ym)men in the definition of topologizability can be chosen inde-
pendently of the seminorms p and ¢ involved.

DEFINITION 2.4. Let X C R be open, w € C*(X), and let ¢ : X — X
be smooth such that det Ji(x) # 0 for every z € X, where Ji(x) denotes
the Jacobian. The weighted composition operator C,y on 2'(X) is defined
as the unique continuous operator on 2’'(X) which extends C,,, on C(X)
defined as Cy, (f) = w- (fo1)) (see e.g. [5, Theorem 6.1.2]). The function
is called the symbol and w the weight of C, . For the special case w = 1
we write Cy, instead of (' and call it simply a composition operator.

If Cpu(9(X)) C 9(X) it follows that Cy, is a continuous operator
on ¢(X). We are interested in characterizing when C,,  is topologizable
etc. on 4(X). For injective 1) one verifies

() = (T DY )

m—1 ;
/. W) Y ot
- ’(wgmww(w(-m) @)
for all u € 2'(X), ¢ € 2(X), m € N.

DEFINITION 2.5. Let X be a topological space and ¢ : X — X be a
continuous mapping. Then v is said to have stable orbits if for every compact
subset K C X there is another compact subset L C X with ¢™(K) C L for
every m € N.

Our first result gives a sufficient condition on the symbol v for the
weighted composition operator Cy, 4 to be topologizable. Clearly, for every
topologizable operator T" on a locally convex space E and every T-invariant
subspace F of E the restriction of T" to F' is again topologizable. Hence,
in the situation of the proposition below, given a sheaf ¢ of distributions
on R? such that Cy, 4 (4(X)) C 9(X) the restriction of Cy,y to 9(X) is
topologizable if ¥ has stable orbits.

PROPOSITION 2.6. Let X C R? be open, w € C®°(X) and ¢ : X — X be
smooth, injective and such that det Ji(x) # 0 for all x € X. Assume that 1)
has stable orbits. Then Cy, is topologizable on 2'(X).
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Proof. Let K C X be compact and choose L C X compact such that
Y™ (K) C L for all m € N. For each m € N,

My, : 2(K) = 2(K), ‘PH%OHIdethj((wzz))l

is continuous, as also is

T : D(K) = D(W™(K)), @ po(y™)!
Therefore, for every absolutely convex and bounded subset B C 2(K) we
find, together with the correctly defined continuous inclusions

VmeN: 9W™(K))— 2(L),
that for each m € N,
By, = (¥, 0 My,) (B) C 2(L) is absolutely convex and bounded.

Since Z(L) is metrizable, it follows from Mackey’s countability condition (see

e.g. [T, Proposition 2.6.3] or [12, Lemma 26.6(a)]) that there are B C 2(L)
bounded, absolutely convex and closed and (cy,)men in (0,00) such that
VmeN: B, CanB.
Thus, for ¢ € B and v € 2'(X),
1
(O 0.1 = s (M) = | (2 0 M)
< amsupﬂ(ua ¢>‘7 ¢ € B}>
which implies, for all m € N and v € 2'(X),
sup{|(Ciity (1), )]s € B} < amsup{|(u,9)|; ¢ € B}.

Because every absolutely convex and bounded subset B C 2(X) is contained
and bounded in Z(K) for a suitable compact set K C X (see e.g. [13]
Theorem 6.5| or |7, Example 2.12.6]), the proof is finished. =

The next result shows that under suitable additional hypotheses on ¢(X)

as well as on w and 1, topologizability of C, , implies that ¢ has stable
orbits.

LEMMA 2.7. Let 4 be a sheaf of distributions defined by local properties,
X C R be open, w € C®(X), ¢ : X — X be smooth, injective and such
that det Jy(x) # 0 for all x € X. Assume that Cy (9 (X)) C 4(X) and
that additionally the following conditions hold:

(a) There is an open, relatively compact exhaustion (Xpn)nen of X such that
for each n € N, every x € X \ X,,, and every e > 0 for which B(z,e) C
X\ Xy, the restriction

T?{(nUB(I,E) 19 (X) > 9(X,UB(x,¢))




6 T. Kalmes

has dense range, where B(x,c) denotes the open Euclidean ball around
x with radius €.
(b) There is eg > 0 such that for all e € (0,¢¢) there is x. € 2(B(0,¢)) such
that for all x € X with B(x,e) C X there is h € 9(B(x,¢)) satisfying
(h,TzXe) # 0, where Tuxe(y) == xe(y — 7).
(c) For everyl € Ny the set {x € X; w(v¢!(z)) # 0} is dense in X.

If Cy .y is topologizable on (X)), then 1 has stable orbits.

REMARK 2.8. Before we present the technical proof of the above lemma,
we take a closer look at its additional assumptions (a)—(c).

Under the hypothesis on % in the above lemma, for every x € X there is
an open neighborhood U, C X such that ¢y, is (injective and) open. Hence,
if for w € C*°(X) the set {z € X; w(z) # 0} is dense in X, it follows from
[9, Proposition 3.9] that hypothesis (c) is fulfilled.

Hypothesis (b) is satisfied whenever ¢ is invariant under translations,
i.e. whenever for u € 4(X) we have T,u € 9(—z + X), where

Vo€ D(—x+X): (1pu,p) = (u, 7—zp),
and ¥ satisfies
Jeg > 0 Ve € (0,e9) Ix € 2(B(0,¢)),h € 4 (B(0,¢e)): (h,x) #0.

Apart from ¢ = 2’ this is in particular the case for 4 = 2}, whenever P €
C[X1,...,X4], d > 2, is non-constant. Indeed, while translation invariance
is obvious, since P is non-constant the set

V(P) = {¢eC% P(() =0}
is neither empty nor discrete. With ec(z) = ex (Z] L2i¢), ¢ € C2 we
have e; € Z(X), ¢ € V(P), and for every y € Z(R?) the Fourier-Laplace
transform
(Cd_><cv CHX(O:@OX%
is analytic so that xy(p) = 0 implies X = 0 and thus x = 0.

Finally, hypothesis (a) is satisfied for ¥ = 2’. Indeed, using the fact
that every bounded subset of Z(X) is contained and bounded in Z(K) for a
suitable compact K C X and using multiplication by compactly supported
¢ € P(X) with ¢ = 1 in a neighborhood of K one easily verifies that &' (R9)
is dense in 2'(X). Therefore, ¥ = &' fulfils (a) for each X and an arbitrary

open, relatively compact exhaustion (X, )nen-
Moreover, for X C R%, d > 3, let

VneN: X, :={zeX;|z|<n,dist(z,R\ X) > 1/n},

so that (X, )nen is a relatively compact exhaustion of X. Given a polynomial
P € C[Xy,..., Xy with principal part Py, such that {¢ € R P,,(¢) = 0}
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is contained in a one-dimensional subspace of R? and such that P(9) is sur-
jective on C*°(X), it follows from [J, Theorem 4.4(ii)] combined with [8],
Theorem 3.1] that hypothesis (a) of the above lemma is fulfilled for ¥ = 7.
Of course, for (hypo)elliptic P we have C¥ = 2}, (topologically!) and this
sheaf is covered by [9, Section 4]. However, for the (non-hypoelliptic) time-
dependent free Schrodinger operator P(9) = ig; O t A, it follows that hypoth-
esis (a) (and (b)) of Lemma[2.7) are satisfied for the corresponding sheaf 27,
provided that P(9) is surjective on C*°(X). A geometric/topological char-
acterization of those X fulfilling the latter property was recently given in
[10, Corollary 5|.

Proof of Lemma . Let (X,)nen be the open, relatively compact ex-
haustion of X from hypothesis (a). Clearly, the claim will follow once we
have shown that for every n € N there is k € N with ¥™(X,,) C X} for
all m € N. In order to do so, some technical preparations have to be made
which will be finished once we have proved below.

For n € N and m € Ny we define

5m,n := dist (wm(yn)7Rd \ ¢m(Xn+1)), Op == 5O,nu
so that d,, ,, > 0. It follows from hypothesis (c) that the set

m—1
() {z € X; w@!(z)) # 0}
=0

is dense in X for every m € N. For n,m,l € N with [ > 2/0y, it follows that
B (z,2/l) C X, 41 whenever z € X,, and we define

Yi,mvn::{xeXmVyGB:UQ/l quﬁ }

Ximp 1= U B(z,2/1)

ze}/l,m,n

so that X, , € X, 4+1. We then have

(1) U B1/) S Ximn

xe}/l,m,n

Indeed, if y € UwGYl o B(z,1/1) there are sequences (xj)ken in Y, and

(2k)ken in B(0,1/1) such that (zx+25)ken converges to y. Since Y 5 C X,
we can assume without loss of generality that (z1)ren converges in X, and
(zx)ken converges in B (0, 1/1); we denote the limits by g and 2o, respectively.
For v € B (x0,2/l) and k sufficiently large we have

|zg — 0| <2/l — |70 — v
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so that

|z —v| < |xg — 20| + |20 — V| < 2/1,
ie. v € B(xy,2/1) hence H;”:_Ol w(y?(v)) # 0 because z € Vimn. As v €
B(x,2/1) was chosen arbitrarily, it follows that zg € Y}, 5, so that

y=x0+ 20 € U B(z,2/1) = Xjmn,
xen,m,n

showing .

Since the bijection
( \T/Jm(ywrl))_l : wm(yn-i-l) - yTL+1
is uniformly continuous, for [ > 2/6,, there is 3, > 0 such that
(2) V" (@), 9" (y) € Y™ (Xna1), ¥ (@) =™ (Y)] < Brm + lx —y| < 1/L.
For every I,m,n € N with [ > 2/6,, we choose (with gy from hypothesis (b))
Elm,n € (O’ min{EO, 1/l7 5m,n/2> Bl,m})
and let X1 mn = Xepmn € Z(B(0,€1,m,n)) according to hypothesis (b).
For every zg € Y, , We have
(3) R'5C oy ama@™ @) — @) € 2( | B,1/).
me)/l,m,n
Indeed, if y € R is such that ;.. (™ (y) — 9™ (z0)) # 0, it follows that
¢m(y) € B(d}m(l'O)» 5l,m,n) - ¢m(yn) + B(O, 6l,m,n) - Q;Z)m(Xn+1),

where we have used €., < Om,n/2 and the definition of d,,, in the last
inclusion. Because ¥ in injective, we conclude y € X,,+1. Because moreover

9™ (y) = " (o)l < €tmm < Brm,
we also have |y — x| < 1/l by (2). Hence

y€Bxo,1/)C |J Bla,1/)

mey’l,m,n

so that the support of y — X mn (Y™ (y)—1"™(x0)) is contained in the closure
of U,ey, . B(z,1/1), which proves .

We now fix n € N. Recall that our objective is to prove the existence
of k € N satisfying v™(X,) C X for all m € N. Since for m,l € N
with [ > 2/6,, we have X, ,, C X1, it follows from and the rela-
tive compactness of X,,+1 that the closure of J,cy, ~ B(z,1/) is a com-
pact subset of X ., ,. Moreover, from the definition of Y} pmn it follows that
V"™ (Yimn) C ¥™(X,,) so that compactness of 1™ (X ,,) implies that

{Xl,m,n(wm(') - ¢m(x0))a To € m,m,n}
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is a bounded subset of Z(X,,). From the definition of Xj,,,, it follows

that
|det Jyp™ (-)]

@an @ana TTm—1 7 i/ \\
(Fma) = k27 ()

is well defined and continuous, so that

{0 = 0 ) 0 € Vi
j=0 WL

is a bounded subset of Z(Xj,, ). From the continuity of the inclusion
D(Ximn) = P2(Xnt1) (Ximn € Xn+1), we derive that for all [,m € N
with [ > 2/6,,

B o= {22070
lmmn -— m—1 -
[T w(®())
is a bounded subset of 2(X,41)-
Because %(X,+1) is metrizable, it follows from Mackey’s countability
condition (see e.g. |7, Proposition 2.6.3| or [I12, Lemma 26.6(a)|) that there

are a closed, absolutely convex, and bounded B C 2(X,+1) and strictly
positive numbers a; , n, (I,m € N, I > 2/0,) such that

(4) Bimn © 0tmnB.

Let B° denote the polar of B with respect to the dual pair (2(X), 2'(X)).
Now, as ¢(X) and proj,_;(¢(X;), T))ng) are topologically isomorphic, from
the topologizability of Cy, , it follows that for the zero neighborhood B°N¥ (X))

in 4(X) there is k € N and a zero neighborhood Uy, in ¢(X}) such that for
all m € N there are ~,, with

Xt (6™ () — 9™ (20)); o € Ylm}

(5) (%) " (UR)) € 9m(B° ND(X)) € 4 B°.
We shall show that 1™ (X,,) C X}, for all m € N. Taking polars with respect
to the dual pair (2(X), 2'(X)), (5) together with the Bipolar Theorem (cf.

[12, Theorem 22.13|) 1mphes

YmeN: (CL,)™B) Cym((rys) " (U))",
where Cfu,w denotes the transpose of Cy, , on Z(X). By 1} we deduce
6) VI,meNI>2/8,: (CLu)™Brmn) C mnym((ry") " (Ur))°.

In order to show ¥™(X,) C X, m € N, we assume by the way of contra-
diction that there exist mg € N and
mo—1
xo € {x € Xn; H w(? () # 0}

Jj=0
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such that ™ (z¢) ¢ Xj. Then there is | € N, | > 2/6,, with 29 € Y g,
and because Y1 mon € Yimg,n We can find Iy so large that xo € Y}, mon

and B(y™o(xg),1/lg) € X \ X} and such that according to hypothesis (a),
XkU has dense range for U := B(¢"°(xg), 1/lp).

Choose h € 4(B(¢"™(x0),1/lp)) for
© 1= Xig,mon (" = V" (20)) = Xeyg g, (0 — ¥ (@0))
according to hypothesis (b) where without loss of generality we assume that
5,(h) = (hyp) = 1.
By the properties of sheaves, there is v €% (X} U U) such that r))g:uU(v) =0
and r)U( L (V) =3 mo.nYmo - Since p € Z(U), we have d,(v) =3 mgnYmo-

Because erUU has dense range by hypothesis (a), there is u € ¢4(X)
such that

r Y () = v € (rytup) T UR) N 65 (B0, Qg mo,nYimo))s

where Uy, is the zero neighborhood in ¥(X}) from (J)), so that

(7) d ( i{(kUU( )) S B(?’alo,mo,n')’mo,alu,mO,nWmo)

as well as

X X X,UU X X, X,UU
ry*(u) —rxkuU(TXkU (u) —v)+ry; (V) =rX; UU(TXkU (u) —v)+0 € Uy,

that is,
ue (i)~ (Us).
Because by definition of By, . » and xg € Y}, m,,n We have
|det Jyp™o ()]
[T " w(@i())
it follows from @ and . that

l07m07 (d}mo( ) ¢m0 (330)) € Blo,mo,nv

alo,mo,nfymo

2 (€t (et o (070 (e )

_ ‘< [HTUO Lw(@I() |det Jymo()|
|det Jypmo ()] Hmo 1 w(®i())

Moo ($79() = ™ <xo>>}

(™))

= |<Xlo,m0,n(' - ¢m0(x0))7u>| = |6 ( §kUU( ))‘ > 2O‘lo,m0,n7m07

which is a contradiction.
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Therefore,

Vm e N: @bm<{x € Xn; Tﬁlw(wl(x)) # 0}) C Xg.
=0

Because 1™ is continuous and the set

m—1 m—1
{oe X [T w@'@) #0} = ({a € Xa3 wiw!(@)) # 0}
=0 =0

is dense in X,,, we conclude that
VvmeN: ¢™(X,)C Xg.

Because n was arbitrarily chosen and (X, )nen is an open, relatively compact
exhaustion of X, it finally follows that v has stable orbits. m

Combining Proposition [2.6] and Lemma [2.7] we obtain a characterization
of topologizability for weighted composition operators.

THEOREM 2.9. Let X C R? be open, w € C®(X), and let ¢ : X — X be
smooth, injective and such that det Ji(x) # 0 for all x € X. Assume that G
is a sheaf of distributions defined by local properties such that Cy, ,(9(X)) C
9(X) and that additionally the following conditions hold:

(a) There is an open, relatively compact exhaustion (X, )nen of X such that
for each n € N, every x € X \ X, and every e > 0 for which B(x,e) C
X\ X, the restriction rX”UB(:C’E) has dense range.

(b) There is €9 > 0 such that for all € € (0,e9) there is x. € Z(B(0,¢)) such
that for all x € X with B(x,e) C X there is h € 9(B(x,¢)) satisfying
(h, Texe) # 0, where TuX:(y) := xe(y — ).

(c) For everyl € Ny the set {x € X; w(!(z)) # 0} is dense in X.

Then for the weighted composition operator Cy, ., on 9 (X) the following are

equivalent:

(i) Cy.yp is topologizable.
(ii) ¥ has stable orbits.

By Remark conditions (a) and (b) are satisfied for ¥ = 2’ and
4 = ), for certain P while (c) is fulfilled whenever {x € X; w(z) # 0} is
dense in X. In particular, we have the following.

COROLLARY 2.10. Let X C R be open, w € C®(X), and letp : X — X
be smooth, injective and such that det Jy(z) # 0 for all x € X. Moreover,
assume that {x € X; w(x) # 0} is dense in X. Then the following are
equivalent:

(i) Cu,yp is topologizable on 2'(X).
(ii) ¥ has stable orbits.
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Now, we turn to power boundedness. For a smooth and injective v :
X — X with det Jy(z) # 0 for all z € X it follows that ¢™(X) is an open
subset of R? and 9™ : X — ¢™(X) is a diffeomorphism for every m € N. In
particular, (1p™)~! : ¢™(X) — R? is a smooth function. Its components are
denoted by (¢™)71,1 < ¢ <d. For Y C R% open, K C Y compact, n € Ny,
and f € C*(Y) we define | flln,x := sup|aj<nzex [0%f(z)]. Thus, || - [[nx
is a seminorm on C*°(Y’) and the standard topology on C*°(Y) is the one
generated by the set of seminorms {|| - ||,,x; n € No, K C Y compact}.

THEOREM 2.11. Let X C R? be open, let w € C®(X) be such that the
set {x € X; w(x) # 0} is dense in X, and let ¢ : X — X be smooth and
injective with det Ji(x) # 0 for all x € X. Then (i) = (ii) = (iii) where:

(i) ¥ has stable orbits and for every compact set K C X we have

T w@i() )
8 —_— O my— s
) o @0 ot 07) " <
and
(9) Vi<e<d: sup |[(@"™); Y |nymix) < oo

meN
(ii) Cu,y is power bounded on Z'(X).
(iii) ¥ has stable orbits and for every compact set K C X holds.

Proof. Assume that (i) is valid. For a compact subset K C X let L(K)
be a compact subset of X satisfying ¢™(K) C L(K) for all m € N. Let
B C 2(X) be bounded and let K C X be compact such that B C Z(K) is
bounded.

For fixed u € 2'(X) there are r € Ny and M; > 0 such that

Vo e Z(L(K)): [(u,¢)| < Mi[@llr,1x)-
Moreover, as B C Z(K) is bounded, there is My > 0 with
I,k < M.

VoeB: |

Because (i) holds, there is M3 > 0 satisfying

T w() my1
( 1 o) ¢
Since for smooth functions f and g,

1fg
it follows for p € B C 2(B) with [, Proposition 3.10(ii)] applied to (3™)~!

< Ms.

sup
meN

ram(K) < 27 gm0y 19 llrom (565
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in place of 1 and m = 1 that

ezt =|(o (- T gt = )
< M ( I detJlbll(/Jy(‘))) W rL(K)
i < I et ) om0
=M <H1 [det J( wgz e > s P )
< 2'M, H M% ° (™™ rapm (K)

X [lpo (Wn) i gm ()
T
< 2 M MMl (1 + max [ (0™ gm0 )

-1 T
< 27"M1M3M4M2(1 + max [|(4™). n,wm<K>)

for a suitable constant My which is independent of ¢. Because of (i) we thus
obtain

(10) Vu € 7'(X) : S%%SHP{K »(w), @)]; ¢ € B} < oo.

As the strong dual of the complete Schwartz space 2(X), 2'(X) is ultra-
bornological (see e.g. [12, Proposition 24.23|), hence barrelled so that
implies (ii).

Now assume that (ii) holds. Then C, . is topologizable, and from Re-
mark 2.8 and Theorem [2.9] it follows that 1) has stable orbits. As before,
for K C X compact we denote by L(K) a compact subset of X for which
Y™ (K) C L(K) holds for every m € N.

We choose ¢ € 2(X) with ¢ =1 in a neighborhood of K. Then

L faee 70 3i) e
€ (™ (supp p)) € Z(L(supp ¢)),



14 T. Kalmes

and because for every u € 9'(X),

vmeN: (Ch(ue) = (u (*OH@%)OWV}

it follows from the power boundedness of C, , that

(T i) oo men}

is weakly bounded in 9( ) and therefore, by Mackey’s Theorem (see e.g.
[12) Theorem 23.15]), bounded in Z(X). By the choice of ¢ we have

(') my -
(11 ) =

i) .
<H !deth(W())!) ° (W™ mag

for all m € N so that follows. Thus, (ii) implies (iii). =

REMARK 2.12. For a diffeomorphism ¢ : X — X it is straightforward to
calculate that the transpose of C}, on 2'(X) is given by the restriction of
C'le p-1 to 2(X), where

wy: X = C,  wy(r)= ]det T oy L.
Since 2'(X) is the strong dual of the complete Schwartz space Z(X), it fol-
lows that 2/(X) is ultrabornological (see e.g. [12, Proposition 24.23|), hence
barrelled. Thus, C,, 4 is power bounded if and only if {Cﬂw(u); m € No}
is bounded in 2'(X) for every u € 2'(X). Because Z(X) is reflexive, by
Mackey’s Theorem [I2, Theorem 23.15] it follows that the latter is equiv-
alent to the boundedness of {(C}',(u),); m € No} for all u € Z'(X),
¢ € 2(X). Applying Mackey’s Theorem once more, this in turn is equivalent

to {C”Tw 4-1(¢); m € No} being bounded in Z(X). From the barrelledness

of 2(X) it finally follows that this is equivalent to C,, ! being power
bounded on Z(X).
As usual, for bijective ¥ we write =™ instead of (¢ ~1)™, m € N:

COROLLARY 2.13. Let X C R? be open and ¢ : X — X be smooth and
bijective. Then the following are equivalent:

(i) The composition operator Cy, is power bounded on 2'(X).
(ii) 9 has stable orbits and for every compact subset K C X we have

Vi<e<d: supl!( ")e

meN

npm (K) < 00
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Proof. Assuming that Cy is power bounded on 2'(X), it follows from
Theorem that 1 has stable orbits. Thus, given K C X compact we
can choose L C X compact such that ¢ (K) C L for every m € N. Ad-
ditionally, we choose ¢ € Z(X) with ¢ = 1 in a neighborhood of L. For
1 < ¢ < d we define p.(z) = z.¢(x) so that ¢, € Z(X). Since Cy, is power
bounded on 2'(X), it follows from Remark together with w, = 1 that
{C$_1(¢C); m € N} is a bounded subset of Z(X). In particular, taking into
account that C’Z‘,l(goc) = @01 "™ = (¥p"™), in a neighborhood of K, we
obtain

VneN: o0 > sup |[[Cyli(pc)lln,z = sup [[CFLi(vc)]
meN meN

n,p™(K)

= sup [(¥™™)ellnpm ()5
meN
so that (ii) follows.

If on the other hand (ii) holds, it follows from

m—1

deuw—mzdet(r[w) w30) = (T gy ) @™
Jj=1 3=0

and the fact that for fixed m € N and for every multi-index o € Ng the
function 9% det Jip~™ is a polynomial in 9°(yp ™)., 1 < ¢ < d, 1 < ||
< |a| + 1, with integer coefficients independent of m that for every compact
subset K C X,

sup < 0.

meN

o my—1
<H |deww w >>|> SR R

Thus, (ii) implies condition (i) of Theorem and thus the power bound-
edness of Cy, on 7'(X). =
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